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CORRESPONDENCES BETWEEN K3 SURFACES
FEDERICA GALLUZZI AND GIUSEPPE LOMBARDO
with an Appendix by Igor Dolgachev
Abstract. In this paper we show that there is a correspondence between some K3
surfaces with non-isometric transcendental lattices constructed as a twist of the tran-
scendental lattice of the Jacobian of a generic genus 2 curve. Moreover, we show
the existence of a correspondence between a general K3 surface with ρ = 17 and a
Kummer surface having transcendental lattices Q -Hodge isomorphic.
1. Introduction
In this paper we study the existence of correspondences between K3 surfaces
X(k,m, n), with k,m, n ∈ N, Picard number 17 and transcendental lattices
T (k,m, n) ∼= U(k)⊕U(m)⊕〈−2n〉 . In the fundamental paper [Mu] Mukai showed that
correspondences between K3 surfaces exist if the transcendental lattices are Hodge iso-
metric over Q. This construction holds if the Picard number of the surfaces is greater or
equal to 11. Nikulin improved the result afterwards in [N2] obtaining the lower bound
5 for the Picard number.
The two authors are supported by EAGER - European Algebraic Geometry Research training net-
work, Contract number HPRN-CT-2000-00099 and by Progetto di Ricerca Nazionale COFIN 2000
”Geometria delle Varieta` Algebriche”.
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The aim of our work is to realize examples of K3 surfaces with transcendental lattice
which are not Hodge isometric but such that a correspondence between them already
exists. This in particular implies the existence of an algebraic cycle on the middle
cohomology of the product of two surfaces arbitrarily chosen in the constructed family.
More in details, in the first sections we recall some basic notions and results on lattices
and correspondences. In Section 4 we consider a generic genus 2 curve and we show
the existence of a correspondence between the Jacobian of the curve and a K3 surface
with isomorphic transcendental lattice. Since this construction involves a second K3
surface whose transcendental lattice has quadratic form multiplied by 2, in Section 5
and 6 we generalize this first example. First, we construct K3 surfaces ”twisting” each
direct summand of the transcendental lattice of the Jacobian by natural numbers. Then
we find correspondences between them using both Mukai’s theorem and Shioda-Inose
structures which translate the problem into a problem of looking for isogenies between
abelian varieties.
In this way we prove in Theorem6.3 that all the K3 surfaces X(k,m, n) are in corre-
spondence to each other.
Finally, in Theorem 6.5 we show the existence of a correspondence between a general K3
surface of Picard rank 17 and a Kummer surface of the same rank having transcendental
lattices Q-Hodge isomorphic.
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2. Preliminary notions.
2.1. Definitions. A lattice is a free Z-module L of finite rank with a Z-valued sym-
metric bilinear form bL(x, y). A lattice is called even if the quadratic form associated
to the bilinear form has only even values, odd otherwise. A very useful invariant (under
base change) of a lattice is its discriminant d(L), defined as the determinant of the
matrix of its bilinear form. Then, a lattice is called non-degenerate if the discriminant
is non-zero and unimodular if the discriminant is ±1. If the lattice L is non-degenerate,
the pair (s+, s−), where s± denotes the multiplicity of the eigenvalue ±1 for the qua-
dratic form associated to L ⊗ R, is called signature of L. Finally, we call s+ + s−
the rank of L and s+ − s− its index, moreover a lattice is indefinite if the associate
quadratic form has both positive and negative values.
Given a lattice L we can construct the lattice L(m), that is the Z-module L with
bilinear form bL(m)(x, y) = mbL(x, y).
An isometry of lattices is an isomorphism preserving the bilinear form. Given a sublat-
tice L →֒ L′, the embedding is primitive if
L′
L
is free.
2.2. Examples.
i) The lattice 〈n〉 is a free Z-module of rank one , Z〈e〉, with bilinear form
b(e, e) = n.
ii) The hyperbolic lattice is the even, unimodular, indefinite lattice with Z-module
Z〈e1, e2〉 and bilinear associated form of matrix


0 1
1 0

.
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iii) The lattice E8 has Z
8 as Z-module and the matrix of the bilinear form is the
Cartan matrix of the root system of E8 . It is an even, unimodular and positive
definite lattice.
2.3. K3 and tori lattices. If X is a K3 surface, one can show that H2(X,Z) is free
of rank 22 and that there is an isometry H2(X,Z) ∼= U3 ⊕ (E8(−1))
2 . From now on
we denote with Λ this K3-lattice. For X a complex torus, one has H2(X,Z) ∼= U3.
2.4. Hodge structures. Let X be an abelian or K3 surface. If we consider the Hodge
decomposition of H2(X,C) = H2,0(X)⊕H1,1(X)⊕H0,2(X), inside H2(X,Z) one has
two sublattices, the Ne´ron-Severi lattice
NS(X) := H2(X,Z) ∩H1,1(X)
and the orthogonal complement of NS(X), the transcendental lattice TX which has a
natural Hodge structure induced by the one of H2(X,Z). The Picard number of X,
denoted by ρ(X), is the rank of NS(X).
A Hodge isometry between the transcendental lattices of two K3 (or abelian) surfaces
is an isometry preserving the Hodge decomposition.
2.5. Fourier-Mukai partners. Let X, Y be both abelian (or K3) surfaces, they are
called Fourier-Mukai partners if their derived categories of bounded complexes of
coherent sheaves are equivalent. Mukai and Orlov have showed that
Theorem 2.1. [Mu, Or] X and Y as above are Fourier-Mukai partners if and only if
their transcendental lattices are Hodge-isometric.
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3. Known results.
In this section we recall some fundamental results which will play a key role in the
next paragraphs. First of all, since for a K3 or an abelian surface the period map is
surjective, it is possible to prove the following
Theorem 3.1. [Mor, Corollary 1.9] Suppose T →֒ U3 (resp. T →֒ Λ) is a primitive
sublattice of signature (2, 4−ρ) (resp. (2, 20−ρ)). Then there exists an abelian surface
(resp. algebraic K3 surface) X and an isometry TX
∼
→ T .
Definition 3.2. A K3 surface X admits a Shioda-Inose structure if there is an in-
volution ι on X such that ι∗(ω) = ω for every ω ∈ H2,0(X) (ι is called a Nikulin
involution) and with rational quotient map π : X − − > Y where Y is a Kummer
surface. The map π∗ induces a Hodge isometry TX(2) ∼= TY . This gives a diagram
X
  
@
@
@
@
Z
~
~
~
~
Y
of rational maps of degree 2 where Z is a complex torus and Y is the Kummer surface
of Z.
One can detect the existence of a Shioda-Inose structure on a K3 surface analyzing the
transcendental lattice of the surface.
Theorem 3.3. [Mor, Theorem 6.3] Let X be an algebraic K3 surface. X admits a
Shioda-Inose structure if and only if there is a primitive embedding TX →֒ U
3.
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Remark 3.4. Obviously, the Shioda-Inose structure realizes a correspondence between
the K3 surface X and the abelian variety Z ; this correspondence will play a funda-
mental role in the following paragraphs.
4. Starting problem.
Let C be a generic genus 2 curve (i.e. such that its Jacobian surface has ρ(JC) = 1);
JC is a principally polarized abelian variety and, if E is the principal polarization,
so we have E2 = 2 then T := TJC = U
2 ⊕ 〈−2〉 . Since we have obvious primitive
embeddings of T in Λ, from Theorem 3.1 there exists an algebraic K3 surface X1 such
that TX1
∼= TJC . Moreover, by [Mu, Proposition 6.2], the number of Fourier-Mukai
partners of X1 is one since ρ(X1) = 17, so such a X1 is unique (up to isomorphisms).
We analyze now the relations between the Jacobian surface and this K3 surface. First,
we observe that we can construct an embedding TX1 →֒ U
3 in the following way; we
send the first two copies of U ⊂ TX1 to the corresponding ones of U
3 and the element
of square −2 to e31 − e
3
2 where {e
i
j}
i=1,2,3
j=1,2 , is a basis of U
3 .
Then, from Theorem 3.3 X1 admits a Shioda-Inose structure
X1
  
B
B
B
B
Z
~~
~
~
~
X2
and one has TZ ∼= TX1 , thus TZ
∼= TJC . Recently, Hosono, Lian, Oguiso and Yau have
proved the following
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Theorem 4.1. [HLOY2, Main Theorem, 1)] Let A and B abelian surfaces, they are
Fourier-Mukai partners if and only if Kum(A) ∼= Kum(B).
It follows that Kum(Z) ∼= Kum(JC) since Z and JC are Fourier-Mukai partners. In
this way we obtain a correspondence between X1, X2 and JC
JC
$$J
J
J
J
J
Z
%%L
L
L
L
L
L X1
xxr
r
r
r
r
r
Kum(JC) ∼= X2 = Kum(Z)
Remark 4.2. We observe that the Hodge isometry between TJC and TZ can be ex-
tended to a Hodge isometry between the second cohomology groups since JC and Z are
principally polarized abelian surfaces of rank one. From [Sh], we obtain that Z ∼= JC
or Z ∼= (JC)
∨ .
5. Embeddings of twisted lattices.
We want to generalize the situation of the previous paragraph. We consider the
lattice T (k,m, n) := U(k) ⊕ U(m) ⊕ 〈−2n〉 , with k,m, n ∈ N, obtained by twisting
the summands of T , equipped with the Hodge structure induced by T itself. This
is an indefinite even lattice of signature (2, 3). The aim is to prove the existence of
correspondences between K3 surfaces having transcendental lattice Hodge-isometric to
T (k,m, n). In order to construct such surfaces, we start proving the following
Lemma 5.1. The lattice T (k,m, n) is a primitive sublattice of the K3-lattice Λ.
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Proof. First we observe that a lattice 〈−2t〉, t ∈ N, can be primitively embedded in
E8(−1) from [N1, Theorem 1.12.4]. We denote by θt ∈ E8(−1) its generator.
In order to construct the required primitive embedding of T (k,m, n) in Λ we consider
a θk contained in the first copy of E8(−1) and a θn in the second one.
Then, if {δ1, . . . , δ5} is the standard basis of T (k,m, n), we can obtain the desired
embedding in the following way:
T (k,m, n) →֒ U3 ⊕ E8(−1)
2
δ1 7→ (1, k) + (0, 0) + (0, 0) + θk
δ2 7→ (1, 0) + (0, 0) + (0, 0)
δ3 7→ (0, 0) + (1, 0) + (0, m)
δ4 7→ (0, 0) + (0, 0) + (1, 0)
δ5 7→ θn.

Remark 5.2. This Lemma, together with Theorem 3.1, implies the existence, for any
k,m, n ∈ N , of a K3 surface X(k,m, n) with a Hodge isometry between the transcen-
dental lattices TX(k,m,n) and T (k,m, n) . Such a surface is unique (up to isomorphisms)
by [Mu, Proposition 6.2] .
In order to generalize the example constructed in the previous paragraph, we want
to produce correspondences among these K3 surfaces. We observe that, with these
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notations, the surfaces of the previous section can be rewritten as X1 = X(1, 1, 1) and
X2 = X(2, 2, 2).
The problem of finding correspondences among K3 surfaces was investigated by Mukai
in [Mu]. His idea was to construct such correspondences starting from Hodge isometries
(over Q) between the transcendental lattices of the surfaces. This method works if the
Picard number of the surfaces is sufficiently large. Mukai’s result is the following
Theorem 5.3. [Mu, Cor.1.10.] Let X, Y be K3 surfaces with ρ(X), ρ(Y ) ≥ 11. If
ϕ : TX ⊗Q→ TY ⊗Q is a Hodge isometry, then ϕ is induced by an algebraic cycle.
Our K3 surfaces, unfortunately, do not satisfy the condition of Mukai’s theorem, since
an isometry between T (k,m, n) and T (k′, m′, n′) doesn’t exist, even over Q. However,
in the same article Mukai proved the Oda’s conjecture, as modified by Morrison in
[Mor], which realizes a correspondence between a K3 surface X and an abelian surface
provided that the Q-transcendental lattice TX ⊗Q admits an embedding in U
3 ⊗Q.
In order to construct the correspondences among the X(k,m, n), we follow a similar
approach, translating the problem in another one involving some (abelian) surfaces
which are in correspondence with the given ones.
6. Abelian surfaces and correspondences.
Motivated by the work of Morrison and Mukai, we start with the following
Lemma 6.1. There is an embedding of Q− lattices φ : T (k,m, n)⊗Q →֒ U3 ⊗Q.
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Proof. Let {ei1, e
i
2}, i = 1, 2, 3 be the basis of the i-th copy of the hyperbolic lattice U
and let {a1, b1, a2, b2, c} be the basis of T (k,m, n). We define φ in the following way
a1 7−→ e
1
1 ⊗ 1
b1 7−→ e
1
2 ⊗ k
a2 7−→ e
2
1 ⊗ 1
b2 7−→ e
2
2 ⊗m
c 7−→ e31 ⊗ 1 + e
3
2 ⊗ (−n).

The existence of such an embedding allows us to prove the following
Theorem 6.2. For any k,m, n ∈ N there exist abelian surfaces An and correspon-
dences
Z(k,m, n) −−−→ X(k,m, n)y
An
Proof. Let us consider the embedding φ : T (k,m, n) ⊗ Q →֒ U3 ⊗ Q of Lemma 6.1
and the lattice Tn := φ(T (k,m, n)⊗Q) ∩ U
3 = U2 ⊕ 〈−2n〉 with the Hodge structure
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induced by φ. Since Tn is a primitive sublattice of Λ, there exists a K3 surface Yn and
a Hodge isometry TYn
∼= Tn. Consider now the basis of TX(k,m,n) given in Lemma 6.1:
the multiplication by 1
k
on the sublattice Z〈b1〉 and by
1
m
on Z〈b2〉 induces a Hodge
isometry TX(k,m,n)⊗Q ∼= TYn ⊗Q and Theorem 5.3 gives a correspondence Z
′(k,m, n)
between X(k,m, n) and Yn.
We can define also a primitive embedding Tn ∼= TYn →֒ U
3 sending U2 ⊂ Tn to the
first two copies of U in U3 via the identity and sending the element of square −2n
to e31 − ne
3
2. By Theorem 3.3 the existence of such an embedding is equivalent to the
existence of a Shioda-Inose structure on the K3 surface Yn. So there exist an abelian
surface An, a Hodge isometry TAn
∼= Tn and a correspondence Z
′′
n between Yn and
An. The composition of the two correspondences
Z ′(k,m, n)
xxppp
ppp
ppp
pp
$$I
II
II
II
II
I
Z ′′n
zztt
tt
tt
tt
tt
t
$$J
JJ
JJ
JJ
JJ
JJ
X(k,m, n) Yn An
gives the desired one. 
Now, we are able to prove the following
Theorem 6.3. Let X(k,m, n), k,m, n ∈ N, be a K3 surface with transcendental
lattice Hodge-isometric to T (k,m, n). For any k′, m′, n′ ∈ N there exist correspondences
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Zk
′,m′,n′
k,m,n −−−→ X(k,m, n)y
X(k′, m′, n′)
and every X(k,m, n) has a correspondence with the Jacobian surface JC of Section 4.
Proof. Let Z be a principally polarized abelian surface with ρ(Z) = 1 and let
{λ1, λ2, λ3, λ4} be a symplectic basis for the lattice of Z . Let now, for any n,
Bn := C
2/Λn be the complex torus with lattice Λn = Z〈λ1, nλ2, λ3, λ4〉 ; the polariza-
tion E defines on each Bn a polarization of type (1, n); moreover the abelian surfaces
Bn are all obviously isogenous to each other.
On the other hand, one has that TBn
∼= U2⊕〈−2n〉 , so every Bn is a Fourier-Mukai part-
ner of the surface An constructed in Theorem 6.2. This means, by Theorem 4.1, that
Kum(An) ∼= Kum(Bn), thus there is a correspondence between An and Bn. In this
way we have constructed a correspondence between An and Am, for any n,m :
An




Bn




∼
// Bm




Am




Kum(An) ∼= Kum(Bn) Kum(Bm) ∼= Kum(Am)
But Theorem 6.2 gives a correspondence between X(k,m, n) and An for any n, so
the desired Zk
′,m′,n′
k,m,n is the composition of these correspondences. Moreover, there is a
correspondence between X(1, 1, 1) and JC from Section 4, thus the statement follows.

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Remark 6.4. We observe that the existence of the correspondence is independent from
the chosen Hodge structure on T . However, it is necessary not to change the structure
when we ”twist” the starting lattice T by (k,m, n). This allows us to obtain, for any
chosen Hodge structure H on T , a family of K3 surfaces XH(k,m, n) in correspondence
to each other.
Morrison, in [Mor, Cor 4.4] showed that a K3 surface K of Picard rank 17 is a
Kummer surface if and only if there is an even lattice T ′ with TK ∼= U(2)
2 ⊕ T ′(2).
Then, this allows us to prove the following theorem, which generalizes Theorem 6.3
Theorem 6.5. Let X be a general K3 surface with ρ(X) = 17 and TX⊗Q isomorphic
as a Hodge structure to TK ⊗ Q, where K is a Kummer surface. Then, there is a
correspondence between X and K .
Proof. Let ψK = U
2(2) ⊕ 〈−4n〉 be the polarization on TK , we show that there is
a Q-basis of TX ⊗ Q in which the polarization is ψX = aψK with a ∈ Q. Since
ψX ∈ Sym
2(TX⊗Q)
MT (TX⊗Q) (where MT denotes the Mumford-Tate group) it sufficies
to show that this space has dimension one. This is a consequence of Schur’s Lemma,
since MT (Tx⊗Q)(C) = SO(5)(C) and the action on the Hodge structure is irreducible.
So, we have the Hodge Q-isometries TX ⊗Q ∼= a(U
2(2)⊕ 〈−4n〉) ∼= U2 ⊕ 〈−4na1a2〉 ,
where a = a1
a2
. From the surjectivity of the period map, the last one is a transcendental
lattice of a K3 surface X(1, 1,−4na1a2), which is in correspondence with X from
Mukai’s work. The statement now follows from Theorem 6.3. 
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Appendix A. A geometric correspondence between X1 and a Kummer
surface
We use the following result of V. Nikulin [N3].
Theorem A.1. Let X be a K3-surface with TX ∼= U ⊕ 〈−2〉. Then Pic(X) has only
finitely many smooth rational curves which form the following graph.
The automorphism group of X is generated by two commuting involutions σ and τ .
The involution σ has 8 isolated fixed points. The set of fixed points of the involution τ
is the union of 8 smooth rational curves and a smooth curve of genus 2.
It follows from observing the graph that X admits an elliptic fibration |F | with two
singular fibres
F1 = 3R0 + 2R1 + 4R2 + 6R3 + 5R4 + 4R5 + 3R6 + 2R7 +R8
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and
F2 = 2N0 +N1 + 2N2 + 3N3 + 4N4 + 3N5 + 2N6 +N7
of type E˜8 and E˜7 . It is also has a section S . The fixed locus of τ consists of smooth
rational curves R1, R3, R5, R7, N2, N4, N6, S and a genus 2 curve W which intersects
R0, N0, N7 with multiplicity 1. Let p = W ∩ R0, q = W ∩ N0, a = W ∩ N7 . We have
3p ∼ 2q+a and the fibration defines a g13 on W spanned by the divisors 3p and 2q+a.
We also observe that X contains another elliptic fibration |F ′| with two reducible
fibres
F ′1 = 3N0 +R8 + 2S + 3N1 + 4N2 + 5N3 + 6N4 + 4N5 + 2N6
and
F ′2 = 2R0 + A+ 2R1 + 3R2 + 4R3 + 3R4 + 2R5 +R6
of type E˜8 and E˜8 . The curve R7 is a section. The involution σ switches the two
fibres and induces the hyperelliptic involution on W . Its set of fixed points are 2 points
on the curve R8 and 6 points on W . Also note that σ maps the fibration |F | to the
fibration |F ′| . It is easy to see that q = σ(p). This gives 3p ∼ 2KW − 2p+ a, hence
|5p| = |2KW + a|.
Theorem A.2. The linear system |F ′ + F | defines a map f : X → P1 × P1 of degree
2. Its branch locus is a curve of bidegree (4, 4) which is equal to the union of a curve
B of bidegree (3, 3) and two rulings E1, E2 . The curve B has 2 cusps q1, q2 . The
cuspidal tangent at qi is equal to Ei . The ramification curve of f is equal to W . The
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automorphism τ of X is the deck transformation of f , the quotient X/(τ) admits a
birational morphism to P1 × P1 which resolves the singularities of the branch curve.
The automorphism σ is induced by the automorphism σ¯ of P1 × P1 which switches the
factors. It leaves the curve B invariant and switches E1 and E2 .
Proof. We have (F + F ′)2 = 4 and the restriction of |F ′ + F | to a nonsingular fi-
bre of each fibration is a degree 2 map. This easily implies that the linear sys-
tem defines a degree 2 map f to a nonsingular quadric in P3 and the pre-images
of the rulings are the fibrations |F | and F ′| . The map f blows down the curves
R0, R1, R2, R3, R4, R6, N0, N1, N2, N3, N4, N5, N6 . Its restriction to W is a birational
map defined by a 3-dimensional linear subsystem of |3p+3q| = |3KW |. The rest of the
assertions are easy to verify. 
Consider the automorphism σ¯ of P1 × P1 and let
π : P1 × P1 → P1 × P1/(σ¯) ∼= P1
be the natural projection to the orbit space. Its locus of fixed points is the diagonal
∆. The image of ∆ on P2 is a conic Q. The image of W is a cuspidal cubic G. The
images of E1 and E2 is the cuspidal tangent T of G. It is also a tangent of the conic Q.
The curves Q and G intersect at 6 points, the ramification points of the hyperelliptic
involution of W .
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Theorem A.3. Let f¯ : Y → Y¯ → P2 be a minimal resolution of the double cover Y¯ of
P
2 branched along the union of the curves G,Q and T . Then Y is a Kummer surface
birationally isomorphic to the quotient of X by σ .
Proof. We have a commutative diagram
X
f
−−−→ P1 × P1
/σ
y /σ¯
y
Y
f¯
−−−→ P2
It follows from [Na] that Y is a Kummer surface of Jac(C) for some curve C (not
isomorphic to W ). 
Remark A.4. One can reverse the construction of Theorem A.2. Starting from a
genus 2 curve W together with a point p ∈ W such that |3KW − p| 6= ∅ and p is not
a Weierstrass point, we construct a 2-cuspidal model W in P1 × P1 as in the theorem.
Then taking the double cover we get a K3 surface X with Picard lattice containing
U ⊕ E8 ⊕ E7 and U ⊕ 〈−2〉 ⊂ TX . Replacing p by the conjugate point q under the
hyperelliptic involution, we get the same surface X . As was explained to me by J.
Harris, the number of pairs (p, q) as above is equal to 16. Thus we obtain that the
moduli space of K3 surfaces marked with the lattice U ⊕ E8 ⊕ E7 is isomorphic to a
(16 : 1)-cover M′2 of the moduli space M2 of genus 2 curves, and on the other hand, via
periods it is isomorphic to the moduli space A2 of principally polarized abelian surfaces.
This defines a birational isomorphism between M′2 and M2 .
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